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ABSTRACT: A kinetic theory of the helix-random coil transformation which resolves the appparent contradiction
between the times measured by kinetiz and nmr techniques is presented. It is shown that Kinetic times (ca. 1076 sec)
and nmr lifetimes (r > 107! sec) observed in polypeptide systems are reconciled. The kinetic time emerges as a
consequence of propagation effects whereas the nmr lifetimes are assoziated with nuzleation. The model explicitly
takes account of nucleation and finite chain length. A consequence is the correct (i.e., in agreement with experi-
ment) of qualitatively differeat “long” and “short’ chain length behavior of the nmr spe:tra in the transition re-
gion. The theory also leads naturally to a picture of the transformation in ter.ns of a whole-molecule collective

excitation, rather than the usual two-state description.

he kinetics and equilibrium properties of the

helix-random coil transformation in polypeptides
are of considerable fundamental interest. Experi-
mentally, the temperature-jump technique,? the di-
electric relaxation experiments of Schwarz and Seelig, 2>
and ultrasonic absorption methods?® all measure times
of the order of 1079 sec presumably associated with the
kinetics of the transformation. On the other hand,
nuclear magnetic resonance (nmr) spectroscopy has
been an extremely useful tool for studying the trans-
formation under equilibrium conditions.*% Lifetimes
associated with the helix and random coil, as measured
by nmr, are reported to be greater than ca. 10! sec,®
a result which would appear to be in gross contradic-
tion to the kinetic experiments by at least five orders of
magnitude,

The purpose of this paper is to resolve the apparent
conflict between the kinetic times and the nmr lifetimes.
This has been done by examining an exactly solvable
kinetic model of the transformation for finite N where
nucleation (initiation) processes are included (N is the
number of monomer units in the chain or, equivalently,
the degree of polymerization). A consequence of this
model is that the observed kinetic times are associated
with propagation rate constants, whereas the nmr
lifetimes are related to nucleation rate constants.
Furthermore, solution of the model leads to a predic-
tion of qualitative differences in the nmr behavior for
different values of N. A detailed examination of the
solution also suggests a reinterpretation of the model
in terms of a collective mode picture of the transfor-
mation. On this basis it will be demonstrated that the
kinetic and the nmr data are consistent, thus resolving
any presumed conflict between the two technigues.

In order to understand the nmr data, it is necessary
to examine the kinetics of the process, as well as the
equilibrium behavior. The well-known equilibrium
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theories are equivalent to a generalization of the one-
dimensional Ising lattice model™® and appear to
provide an adequate description of the transition
curves.1® However, with regard to the kinetic theories,
the situation is less satisfactory. Schwarz!! has pre-
sented the general formulation of a kinetic model
which reduces, at equilibrium and in the thermodynamic
limit, to the model of Zimm and Bragg.” An attempt
to find explicit analytical solutions to the Schwarz
model would appear to be quite impracticable since,
in full generality, the theory contains at least five
parameters. Therefore, in practice, this theory is
limited to systems of large N in which limit parameters
associated with end effects disappear. This is a severe
restriction since the nmr experiments have been carried
out on chains where N < 1000. Clearly, therefore, the
effect of finite N is important. Pipkin and Gibbs,!?
on the other hand, considered the kinetics of confor-
mational change explicitly for finite &, but their solu-
tion does not take account of any nucleation process.
For these reasons resolution of the “conflict” between
nmr and kinetic lifetimes has not been clear.

Nature of the Nmr Spectra

High-resolution nmr spectroscopy at 100 and 220
MHz on a number of polypeptides has shown that
separate well-defined peaks, associated with the helix
and random coil, are observed for both the «-CH and
peptide NH protons over the region of the helix—
random coil transformation.* As one proceeds through
the transformation, the helix peak decreases and the
random coil peak increases in intensity, with only a
very small change in chemical shifts, An additional
complicated effect has been reported for poly(y-
benzyl L-glutamate) (PBLG).>13.1* Here the situation
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is as above for short chains (degree of polymerization,
DP < 100). However, for longer chains (DP 3 250),
the “helix” peak, in proceeding through the trans-
formation, decreases in intensity but shifts toward and
eventually coalesces with the random coil peak which,
throughout the transformation, is increasing in inten-
sity. On the assumption that each type of proton
exists in one of two environments which are arbitrarily
labeled ““helix” and “‘random coil,” the observation
of separate peaks implies slow exchange (less than
ca. 10 sec™!) between the ‘““helix” and the “random
coil.”

It is well known from the theory of magnetic reso-
nance '’ that nmr spectra of systems composed of mole-
cules which may exist in either of two well-defined
states, o and 3, will consist of two separate peaks if
the exchange rate is sufficiently slow. On the other
hand, if the exchange rate is rapid, a single appropriately
averaged peak will be observed. For intermediate
rates of exchange, the line shape is complex and may
be obtained from expressions given by Gutowsky,
McCall, and Slichter.'® From their equations it
follows that in the limit of slow exchange, a minimum
limit for the average lifetime 7, of molecules in either
state is given by

> o (la)

Wy — ws
where w, — wg is the chemical shift difference in hertz
between protons in the two environments. The ob-
servation of separate “helix” and “random coil”
peaks then permits the assignment of lower bounds to
the average lifetimes of protons in either environment.
If a single peak corresponding to a weighted average
of the chemical shifts associated with state « and state
B is observed, then one may assign only an upper bound
to 71, given by

r<o—— (1b)
Wy — w5

In the nmr investigation of the helix~random coil

transformation, the validity of a simple two site descrip-

tion is by no means readily apparent. An important

purpose of this paper will be to show that a detailed

consideration of the nature of the transition through

an exact model calculation does, in fact, lead to a two-

site picture for both short and long chains, wherein the

line shape theory of Gutowsky, er al.,'® becomes
applicable.

Preliminary Remarks

The two-state models of the transformation use the
linear Ising lattice model as a basis, where the spin
states correspond to “helix” and “random coil,”
and only nearest neighbor interactions are considered.
The elementary steps in the reaction are the trans-
formation of individual segments, as in the process

krp

CJ -~ Cj+1 (2)
ky
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Here C; represents the fraction of molecules with j
random coil units and & — J helical units, and A
and kp are the appropriate nucleation or propagation
rate constants, which are related by a nucleation
parameter, ¢. Random coil nucleation both from
the ends of the helix and from interior points within
the helix, as well as helix nucleation of the random
coil may be considered. Thus, if the fraction of triple
sequences with three consecutive coil or three consecu-
tive helix units are represented as ccc or hhh, respec-
tively, then random coil nucleation may be written as
B e
hhh <__> hhe (exterior random coil nucleation)

R wue

hhh > hch (interior random coil nucleation)

while helix nucleation is represented by

Lt
7 nae

ﬁ . . .
oee cch (exterior helix nucleation)

Nz
L T
N

. che (interior helix nucleation)

cce

The usual assumption, necessary to generate sigmoidal
equilibrium curves, is that nucleation rate constants are
characterized by much longer times than the corre-
sponding propagation rate constants. Bixon and Lit-
son!” have discussed in detail the effect of the different
types of nucleation on the equilibrium statistical
mechanics of the transformation.

Apart from the fact that, with five parameters, an
analytic solution to Schwarz’s model is a formidable
problem, there is a more serious theoretical objection
to this and similar models.'® All such models have
as an underlying physical basis a system which is three
dimensional. The implicit assumption of all linear
theories, that the three-dimensional degradation of the
system may be mapped into a one-dimensional space
with appropriate rate parameters, is equivalent to the
assertion that forces which stabilize the helix are either
“on” or “‘off;” that is, bonds are either “formed” or
“broken.” The model is then assumed to contain all
of the important kinetic and equilibrium behavior of the
real three-dimensional system. In this context no
allowance is made for the fact that the twisting of a
single bond could be shared over several sites and so
produce further (lower lying) collective states of the
system. For example, a long helix is known to support
three kinds of elastic wave propagation!® along the
helix axis: longitudinal and transverse phonons, and
torsional or twisting waves. Wave propagation in a
helix is a consequence of its three-dimensional structure,
and it could distort many of the properties required
for the applicability of the simple one-dimensional
system. If allowance is made for this (weak) perturba-
tion, then lower-lying collective states may be generated.

An important motive of this paper is to gain some
physical insight into the helix-random coil transforma-
tion process by examining in detail the explicit solution
to the set of kinetic equations given in the next section.
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In fact, although the “‘one-dimensional’” (in reaction
state space) model has been solved exactly, it is specifi-
cally this explicit solution which permits a nonformal
although logical extension to the real three-dimensional
system. In the context of this paper the time behavior
of the system is regarded as a stochastic process with
the quantities of interest being probabilities (or proba-
bility densities) and averages rather than deterministic
quantities.

The Model

In order to set up a solvable two-state model, it is
convenient at first to make some simplifying assump-
tions. DeGennes2® has shown for a long helical chain
(i.e., large N) that, even if interior random coil nuclea-
tion does occur, it cannot propagate easily. For a
short helix (small V), the probability of interior random
coil nucleation is probably very small, since three bonds
must be broken simultaneously for nucleation to be
complete. Therefore, the following scheme is proposed
as a first approximation, one which should contain
most of the features of the one-dimensional (in reaction
state space) kinetic process.

Co(r) Ci(1)
. B -

A

Cin === Gl (3)
. = ¢

. A .
Cy-dt) = Cxlt)
b

In these equations, each step corresponds to the forma-
tion or breakage of one helical unit. The Cx¢)’s are
probabilities that a given molecule contains j coil units at
time 7, where Co(r) and Cy(7) represent probabilities of
completely helical and completely random coil molecules,
respectively. It is to be emphasized that, like other ki-
netic schemes, the correspondence of the parameters of
the model with the underlying three-dimensional physi-
cal structure of the system is yet to be established. The
parameters A and B represent propagation rate constants,
and b and « are *‘helix”” and “‘random coil” nucleation
rate constants, respectively. In terms of the two-state
picture, @ and b serve to define the sharpness or ‘“‘co-
operativity” of the transition curve. The helix nuclea-
tion rate constant, b, takes account of the difficulty
associated with simultaneously forming three or more
bonds to make a helix. This term is due to a reduction
of the conformational phase space accessible to the
system (a decrease in entropy) and, as pointed out by
Flory,?2! also to a deficiency in dipolar energy associated
with the end of the chain. The random coil nucleation
rate constant, «, is somewhat more difficult to define for
the helix-random coil transformation. It might best
be viewed in terms of the amount of energy required
to “break up” an aggregate of helical molecules, which
are believed to exist in some polypeptide systems, in
preparation for the formation of “random coil” units.
For the helix nucleation rate constant, 4, it will be
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(21) P. Flory, “Statistical Mechanics of Chain Molecules,”
Interscience Publishers, New York, N. Y., 1969, p 288,
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assumed that » << A,B. The system of equations
which describes the sequence of first-order reactions
in eq 3 may be written as

Co = —aCr) + BC(1)
C, = aCyr) — (4 + BYCr) + BC(1)

C; = AC,(t) — (A4 + BYC{0) + BCiu(H) (&)

Cy-i = ACy—o1) — (A + B)Cy—(1) +bCx(?)
Cy = ACy-1) — bCx()

These equations may be written more simply as a
master equation

C =

~

n<g

C &)

where g and C are column vectors and M is a transition

rate matrix. While the general properties of the
master equation have been discussed by various au-
thors?? it is nevertheless true that the precise form of
the relaxation spectrum associated with eq 5 depends
very much on the details of the model, and must be
investigated separately for each separate model.

In order to avoid cumbersome algebra, the initial
detailed discussion will be restricted to the case where
a = A. Physically, this is equivalent to the assumption
that there is no special parameter which corresponds to
random coil nucleation at the ends of an entirely helical
molecule. The case where a # A will be shown to
lead to a more complicated relaxation spectrum, which
in turn can yield more complex nmr spectra.  This latter
case (@ # A) will be discussed separately after the
solution for the simpler case (a = A) is described.

If G(») denotes the equilibrium number of helical
units per molecule defined by

N
G(=) = ,ZO JCi(=) (6)
s

it is straightforward to show from eq 4 that this “mean

helix content™ is given by

G _b/All = (N + 1(B/A)Y + NB/A T
(=) = Q= Bl = B+ bAl — B

)

It should be noted that a more general model could
be constructed in the event that the helix contains
interior breaks or defects. In this case it suffices to
define

; N
G(=) = E{’”k Z ./'Cj(w)}
= ®

Z mkN”") = N
i=0

(22) 1. Oppenheim, K. E. Shuler, and G, H. Weiss, Advan.
Mol. Relaxation Processes, 1, 13 (1967-1968), and references
cited therein,
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where E denotes an expectation value, m; is the num-

ber of segments of length &k, and N® is a random vari-
able which denotes the effective number of monomer
units per elementary segment. This formalism also
permits one to handle molecular weight distributions
as a straightforward generalization of the simpler
model.

The behavior of G(«) as a function of the ratio
A/B is shown in Figure 1 for various values of N.
It is important to note that the equilibrium solutions
are of sigmoidal form, even though there is only a
single nucleation rate constant. The effect of a second
nucleation rate constant on G(«) will, in general, be
small and difficult to discern experimentally. For
very large N, the transition is dominated by the term
(A/B)Y and becomes very sharp and occurs over a
very narrow range of A/B. The midpoint of the
transition (i.e., the inflection point) occurs at 4 = B
only when N — o, This behavior is seen clearly in
graphical form in Figure 1. For smaller values of N,
the transition broadens and the midpoint occurs at
some value of the ratio 4/B less than unity. For the
case where ¢ = b, the midpoint of the transition will
occur at 4 = B for all values of N, although the sharp-
ness (cooperativity) will still be dictated largely by the
value of N. This behavior is similar to that found in
the equilibrium statistical mechanical theories, where
the midpoint always occurs where the propagation
equilibrium constant is unity. Clearly then, in the
kinetic model of this paper, the relative magnitudes of
both ¢ and b in addition to N are very important in
determining the nature of the process.

In order to interpret the nmr spectra, it will be neces-
sary to examine the distribution of the Cxr) as the
system relaxes to equilibrium, where C;(r) now repre-
sents the fraction of molecules in state j at a time ¢.

The distribution of C,(r) will be related to the values
of 4 and N. The equilibrium distribution C{«) is
found from eq 4 by setting Ci(«) = 0. One then
obtains (for the case where a = 4)

Cw) = BV ITICy_((o) j<N=2) (9

Cy—1(=) = (B/A)Cn(=) (10)

Under the conservation condition

.
2 Cin =1 (11)
i=0

the equilibrium distribution is given by the expression

(B/A)‘\'"(H'D
C](OO) = N (12)
{A/b + > (B/A)f—l]
. ji=1

At the two extremes of the transition, 4/B — 0 and
A/B — <, the distribution is dominated by contribu-
tions from Cy(w) and Cy(e), respectively. In the
region of the transition, the contribution from Cy(«)
will always be appreciable under the condition that 5
< A,B. For small values of N, the graphs in Figure 1
demonstrate that B/4 > 1 over most of the transition
region. Thus, the numerator in eq 12, (B/4)Y ~V+D,
will cause terms near j = 0 to be favored over terms
near j = N. This will result in a distribution skewed
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Figure 1. A plot of the mean number of helix units, G( )
vs. the ratio 4/Bfor b/4 = 104

toward j = 0, except for a subsidiary maximum at
j = N. As N increases and B/4 — 1 in the region
of the transition, the distribution will become more
diffuse over all the C,’s.

The change of the distribution of the C(r) with time
will be the important factor indicating the behavior
of the nmr spectra, as will become apparent in the
Discussion. Therefore, in the region of the transition,
the time evolution of the system of equations, eq 4,
is the appropriate quantity of interest. Although a
formal and exact solution may be obtained for various
initial conditions, it is more instructive to consider
the solution for a single given initial condition. The
specific initial condition considered in this paper is
C](O) = 5]‘,0, where

5o = lforj=0
207 Y0 forj#= 0

A corresponding experimental condition might be a
temperature-jump study of the transformation, where
the polypeptide is initially completely helical. This is
also a good approximation to the actual equilibrium
distribution on the helix side of the transition (cf.
Figure 1). The solution of eq 4 for arbitrary initial
conditions and the caiculation of associated first
passage times is a nontrivial problem. Solution of the
first passage time problem would give a precise measure
of the average time spent by any individual site in a
given C4r). However, most of the features of the
general solution are contained in the solution for the
above initial condition.

Solution of the Model

The general solution of the system of equations (4)
subject to the initial condition C40) = §; , and arbitrary
a and b has been described elsewhere by Ninham,
Nossal, and Zwanzig.2®* These solutions provide an
approximation to the process for any value of N in the
presence of two nucleation rate constants. This model
approximation holds throughout the entire region of
the transition as the ratio 4/B is varied. A special
case of the general solution for the above initial condi-
tion and @ = A is of special interest in this paper.

(23) B. W. Ninham, R, J. Nossal, and R. Zwanzig, J. Chem,
Phys., in press.
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This specific initial condition is of particular interest
because it readily lends itself to an explicit asymptotic
solution.?* A further motivation behind this choice
of parameters and initial condition with regard to the
nmr experiments will be considered in detail in the
Discussion.

The time relaxation of the system to equilibrium
for C{0) = &4, and general « and b is given by the
integral

ct+ice

Muacromolecules

limit N — «), then this eigenvalue dominates the
relaxation to equilibrium in the limit of large times.

2 -1+ 1N <& <A+ 1/N) 19

This situation occurs when N is large, since the transi-
tion occurs for 4 & B. In this case, the eigenvalue
spectrum forms a band which includes ¢,. For & =
(1 + 1/N), ¢ becomes a limit point of eigenvalues.
This result holds for all values of a. If either & >

-—— N
ezVABzez:l Y [Ux &) — EUy_j_1(e)] de
j=

AG(r) = e ATBY2B/2 7))

c—iw (26 =y =1/MIUNE) — (£ + EWUn-1(e) — §'Ux —z(e)l

where

AG(H = G(1) — G(«) (14)
The contour is chosen to separate the poles at

€= ¢ =y + 1/7) (15)
which corresponds to the solution at ¢+ = «, from

those of the rest of the integral. The pole at € = ¢
gives the equilibrium solution,

Ineq 13,8 = a/4, £ = (A — a)/N/AB, and ¢’ =
(B — b)/n/A4B. The functions Uy(e) are Tchebycheff
polynomials?? of the second kind, and v = (4/B)"~
For the specific case of interest where a = A, the time
relaxation is given by

AG() = e—A+5i 20 “.5 )
2mi
ctie N )
eZ\/ABle Z 'Y]UN—]'(G) de
i=1

c—io (e — v = MU — £ Ux_1()]

Equation 16 follows from eq 13 by straightforward
substitution and the use of the recurrence relations
for the Tchebycheff polynomials.

Un(e) = 2eUx_1(e) — Uy _2(e) an

The actual relaxation spectra associated with eq 13
and 16 are fairly complicated. The details of the
calculation and the evaluation of the integrals have
already been presented elsewhere.?® The results of
those calculations which are of interest are merely
summarized here for convenience. In eq 16 the poles
of the integrand which describe the approach to equilib-
rium are due to the zeros of the polynomial Ux(e) —
£'Uy_i(e). Several cases of interest then arise (1 and 2).

(16)

B—5)

1 = e > ] 1/N 18
M §= >t ()
From the graph of the equilibrium solutions (Figure 1),
it can be seen that this situation occurs when N is small
and/or when ¢ = 4 and 4 << B. In this case two of
the N + 1 eigenvalues of M will lie outside the interval

—1 < €< 1, as illustrated in Figure 2. (The eigen-
value at € = ¢ = s(y + 1/4) gives the equilibrium
solution.) The remaining N — 1 eigenvalues of M

lie inside the interval —1 < e < 1. If there exists an
isolated largest eigenvalue, ¢ which is distinct from the
equilibrium eigenvalue and is not a limit point of the
eigenvalues in —1 < e < 1 (i.e., the continuum in the

(13)

(I + 1/N)or £ > (1 + 1/N), one and only one eigen-
value will be distinct from the band (in addition to the
equilibrium eigenvalue, ¢). In the limit as ¥ — «
and 4 = B, all eigenvalues including ¢, merge into a
continuum and no exponential relaxation occurs.

The time dependence of AG(r) for large time may be
exhibited explicitly by evaluation of the residues of
eq 16 at the poles. Following Ninham,?? et al., one
obtains

AG(r) = deb1=1E1 4 g o~(VA-VEI (30

where
d =
_ (1 — ENE? — DY E? = 1) — (vE' — 1)EY]
E+ U=y =1
1)
and
dy >~ (& — 1) — e(-N*4V4By

T2V — VR — g X

1 2
s~ s @
For the case where a # A, one gets
AG() = dye~*1 V8N L g~ (VA-VEH (33
AG() = dy'e=PI-VEN L gre=(VA=VBY ()

Here the amplitudes 4/, &', d;, and d. are strongly
N dependent and relatively weakly dependent on the
other parameters. Their precise expressions are quite
complicated and may be obtained from ref 23.

The eigenvalue spectra of eq 13 and 16 are not too
surprising (¢f. Figure 2). In fact, the set of equations,
eq 13 and 16, in frequency space are equivalent to the
set describing the vibration of a set of N coupled har-
monic oscillators with a single defect.2* The emergence
of a single eigenvalue, which is separate from the band
of eigenvalues, in the presence of a defect is a well-
known phenomenon in solid state physics. This
phenomenon has been studied in much detail. 24

For small values of N the discrete eigenvalue (1 —
1/£'%) dominates the relaxation behavior of the system.
For much larger values of N, the relaxation behavior is

(24) A. A. Maradudin, E. W, Montroll, and G. H. Waeliss,
“Theory of Lattice Dynamics in the Harmonic Approximation
(Solid State Physics, Suppl. 3),” Academic Press, New York,
N.Y., 1963.
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dominated by the band of eigenvalues (i.e., the terms in
(VA — v/ B)?), since ¢, becomes part of the continuum.
In the systems of interest in this paper relative to the
nmr data (i.e., N < 1000), the eigenvalue b(1 — 1/£'?)
will always be effectively distinct from the other eigen-

value, (/4 ~ v/ B)%

Discussion

It is now possible to use the formal results of the
previous section to derive a physical picture of the
molecular processes underlying both the nmr and the
kinetic data. This involves a conceptual extrapolation
to a three-dimensional picture of transition from
the one-dimensional ad hoc formalism (i.e., a one-
dimensional two-state space—bonds ‘“‘formed”™ or
“broken™) of eq 4. The several parameters employed—
the chain length, N, the ratio of propagation rate con-
stants A/B which is varied experimentally, and at least
one nucleation rate constant, b—should suffice to
contain the essential features of the real three-dimen-
sional system. From the nmr and kinetic data it is
known that there are at least two very different times
which characterize the helix-random coil transforma-
tion. These times can be understood in terms of the
rate constants and the eigenvalue spectra of the model.
The correct qualitative behavior emerges even when «a
= A is assumed in eq 4, so that the rate constants of
interest are b, A, B. The requirement for observing
separate peaks is that the molecule remains trapped
in a given state (or a given set of states) for a time long
compared to the resolution time of an nmr experiment
(i.e., the chemical shift difference, (w, — wg)). Within
the framework of the model the longest lifetime will
be of the order of 57!, so that to observe separate
peaks one must have that & << (w, — wg), where b is
a rate constant for nucleation. Nevertheless, the
propagation rate constants 4 and B can be quite large
compared to w, — wg. While the solution of the model
is derived only for the special initial condition C;0)
= 6;,0, the form of the relaxation process is independent
of this initial condition and is described essentially
by the two eigenvalues, b(1 — 1/&’% and (v 4 — v/ B)%
For the cases of interest here it will be true that A(1
— 1/£') K (VA4 — /B)%. Therefore, there will be
only two times which characterize the system where
the long time is cf the order of 4~! more than 1/(w, —
wg) and the short time is less than 1/(w, — wg). The
fact that b is less than w, — «g implies that the lifetimes
of state N and of an average state which is a weighted
sum over all other j states (j < N — 1) are long. The
short time is too short to permit resolution of the
individual states (j = &) by nmr,

It then seems plausible to visualize an “average
helix” state seen as the “helix”” peak in the nmr spec-
trum. This helical state is formally composed of all
of the individual j (j &= N) states of the stochastic
representation and its properties can be calculated
from the sum of the Ci(=) (j < N). But since equilibra-
tion between the helical ;j states in terms of the model
must be infinitely fast compared to resolution times,
the helix state is indeed physically defined only in terms
of a composite average. Further the rapid transition
processes intrinsic to this average helical state may be
better imagined in terms of collective motion of the
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Figure 2. A plot of the eigenvalue spectra for various values
of &’. The eigenvalue ¢, represents the equilibrium solution.

whole molecule than as the stepwise process in which
they were formally expressed. Presumably this motion
will be torsional rather than vibrational (¢f. the next
section). The nature of the “average helical” state
for different values of N can be understood by observing
the distribution, { C;(= )}, for different N as follows.

(1) Short Chain Length Behavior. The equilibrium
curve for N = 17 of Figure 1 implies that the transition
for short N is relatively broad and that the ratio 4/B
is less than unity over essentially the entire transition
region. It then follows from eq 12 that the distribution,
{C/(=)}, of states j (j 5 N) will be skewed toward
J = 0. Ttalso follows that the form of the distribution
(j # N) will not change appreciably as the ratio A/B
is varied through the transition region. Since to
explain the data, 4 and B must be fast and 6 slow
compared to the resolution time of the spectrometer,
the helix-random coil exchange process is written as

ky

)y = (25)
kn

Equation 25 is very similar to eq 2 except that &y and
ky are now the helix-random coil exchange rates and
an average state whose probability is C(s) and state
N are the two states observed by the nmr spectrometer.
Since for small N, the distribution does not change
appreciably in going through the transition, C(x)
remains essentially constant. For this reason there
is no change in the resonant frequency of the ‘“‘average
helix” peak in going through the transition (¢f. Figure
3).

(2) Long Chain Length Behavior. For longer chains
the transition region (N = 300 from Figure 1) is much
sharper and the transition occurs about 4/B = 1.
Since A/B = 1 in the transition region, one sees from
eq 12 that the distribution, {Cj(oo)}, will strongly
depend on the precise value of the ratio 4/B. There-
fore, the distribution of states j (j < N) will change
appreciably in going through the transition. Never-
theless it is still valid to define an ““average helix” state
whose probability is given by C(7) (eq 25). As one
proceeds through the transition from helix to random
coil, the distribution will become increasingly weighted
toward the states j of higher values of N (¢f. Figure 4).
Therefore the ‘“‘average helix” state will become in-
creasingly coil-like with increasing values of the ratio
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Figure 3. Theoretical spectra over the region of the trans-
formation for small N and @« = 4. The high-filed peak rep-
resents the “average helix” and the low-field peak represents
the “random coil.”

A/B. Hence, one expects a shift of the ‘“‘average
helix” peak toward the “random coil” peak until
eventually (when the helix is completely degraded) it
becomes equivalent to a ‘“‘random coil” peak (cf.
Figure 5).

(3) Intermediate Chain Length Behavior. For the
case where the distribution of the C(r) probabilities is
changing at an intermediate rate with the ratio A4/B
(¢f. N = 160 in Figure 1 and intermediate N behavior
of Figure 4), the change in the nature of the “average
helix” state will not be as dramatic as in the long chain
length situation. Consequently, a peak in the nmr
spectrum which represents the “‘average helix” state
will shift toward the “random coil” peak. However,
the magnitude of the shift will be smaller than in the
long chain case and, the “average helix” state for

(GRS
i

Muacromolecules

intermediate chain length systems will never become
equivalent to a “random coil” state. Typical simulated
nmr spectra over the region of the transition are pre-
sented in Figure 6.

For the intermediate chain length case, the effect of a
molecular weight distribution on the spectra will be
more pronounced than for either the short chain length
or long chain length cases. In the intermediate chain
length region, the magnitude of the shift will be dic-
tated by the precise value of V. Therefore, should a
molecular weight distribution exist, the ‘“‘average helix”
peak will become diffuse. The envelope of the peak
will actually reflect the molecular weight distribution.

Consider now the condition a # A4 in eq 4. The
relaxation behavior is more complex and is given by
eq 13. For the specific case a = b the equilibrium
curve will be symmetric about 4/B = 1. This specific
case parallels the results of the usual equilibrium
theories. Here again, on one side of the midpoint
there is effectively a relaxation process described by
two eigenvalues, 5(1 — 1/£%) and (VA4 — +/B)%, as
before. At the midpoint the eigenvalues merge. On
the other side of the midpoint, a further eigenvalue,
a(l — 1/¢'?), emerges from the band. Precisely at the
midpoint the reaction is diffusion controlled, and the
model describes a symmetric one-dimensional random
walk in reaction state space. The complication intro-
duced by an additional helix nucleation parameter, a,
introduces a further peak in the nmr spectra. The
qualitative nature of the resulting nmr spectra is de-
picted over the region of the transition in Figure 7.

Remarks on Kinetic Experiments

On the basis of the previous sections it is possible to
relate the model to the kinetic experiments mentioned
in the first section. In the previous section it was
shown that the effect of a single nucleation rate con-
stant can be to yield separate ‘average helix” and
“random coil”’ peaks in the nmr spectra of polypeptides
in the region of the helix-random coil transformation.

Any kinetic process which alters the helix content
may be viewed as a chemical rtelaxation process.
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Figure 4. A plot of the distribution of the C;(r) probabilities for small, intermediate, and large values of N for G() near unity

and near 0.
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Figure 5. Theoretical spectra over the region of the trans-
formation for large N and @ = 4. The high-field peak rep-
resents the “‘average helix”” and the low-field peak represents
the “random coil.”

Therefore, eq 13 and 16 for the time relaxation of the
system of 4 are applicable for sufficiently long times.
As pointed out in the first section, a number of methods
for measuring chemical relaxation times are known.
Of these methods, temperature jump, ultrasonic absorp-
tion, and dielectric relaxation have been most exten-
sively used. In contrast with nmr, these kinetic
experiments have been carried out on polypeptides
having very large values of N. In the temperature
jump experiment a shift in the equilibrium, G(x), is
caused by a sudden change in temperature. In the
context of the model, the magnitude of the change will
strongly depend on the initial condition, in addition
to values of the rate parameters. In the ultrasonic
absorption experiment, the shift in equilibrium is caused
by periodical changes in pressure and temperature
resulting from an ultrasonic wave. These experiments
are clearly in the nature of a relatively violent pertur-
bation which can drastically alter the helix-random
coil equilibrium. (The relaxation process associated
with these experiments, which is determined by the
eigenvalue (A — +/B)% is characterized by very
short times.) In the dielectric relaxation experiment,
the application of a sinusoidal electric field shifts the
chemical equilibrium of a dipolar reaction process,
which causes dielectric polarization. Should chemical
relaxation be faster than ordinary rotational reorienta-
tion, then the former can be observed by studying the
frequency dependence of the dielectric loss at the higher
frequencies. This is the basis of the Schwarz and
Seelig?b experiments on poly(y-benzyl L-glutamate).

In the temperature-jump experiment, for large N
one may consider (in the original two-state picture) the
distribution of the C,(r) probabilities to change quite
sharply with the ratio A/B, since A ~ B over essentially
the entire transition region. In the collective mode
picture one would say that the relative population of
j states changes rapidly in the region of the transition.
The relaxation of the system is given by the eigenvalue,
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Figure 6. Theoretical spectra over the region of the trans-
formation for intermediate N and ¢ = 4.

[

it
o
e

30t
43¢
o

R
K

HRRRKHRAK

K —

Figure 7. Theoretical spectra over the region of the trans-
formation for « — 4. The intensities are unnormalized.

(VA — ~/B): This eigenvalue may be very large,
even for 4 ~ B, since 4 and B may be quite large.
Consequently, the kinetic experiments may yield very
short time behavior, although the nmr will still show
separate peak long lifetime behavior. The same mixing
of j states which simply causes a shift of the well-defined
“average helix”” peak for large /V is seen as a rate in the
kinetic measurements.

In the dielectric relaxation experiments, Schwarz?b
defines a mean relaxation time 7* in terms of his general
kinetic model. According to Schwarz,? the maximum
value of this mean relaxation time, 7% .y, 1S @ measure
of the initiation time for the process, where

b _1de 26
T*mux h AG dr t=0 ( )
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For the Schwarz model 7*,.,. is proportional to a
nucleation rate constant which, in the nomenclature
of his model, may be written as

1

%

7 mux

= doky (27)

where oky is some nucleation rate constant and o
is a nucleation parameter. On the basis of the kinetic
model of this paper, r* may be expressed as

1
S*
aCo0) = bCx(0) + (4 = BY1 — C0) = Cu(0)
G{=) — G(0)

(28)
Equation 28 assumes that the relaxation behavior is
of the form
G0 = 6O _

— _ —i'7
G(=) = G(O) ¢ (29)

If the system is initially at equilibrium in the absence
of an applied electric field, then C;(0) = 0 in eq 4.
Upon application of a weak electric field, £

Cy = CAED (30)

One may then expand C'j in a power series to first
order obtaining

. . 2C;
Ci=Cig T aEL=o E 3D

Since C}(O,t) = 0, one may write for the rate of change
of G (¢f.eq6)

. N LY .
G= 2 jCi=E2 o c,-/aﬂ (32)
j=0 i=0 E=

Similarly, Schwarz and Seelig? give an expression
for the shift in equilibrium from 3509 helix content
upon application of an electric field

G(=) — G(0,50%; helix) = 0.5 X

16 + a2E2 | 8 (3)

where « is constant.
After recognizing the dependence of the rate parame-
ters on £, one can expand them as

P=Py+ PE 34)

where P refers to A4, B, a, and b. Substitution into
eq 4 then yields

CHE) = AoCi—1 — (Ao + B)C; + BoCri1 +
E[A'Cioy — (4" + B')C; + B'Cj1] (35)

where 1 < j < (N — 1). One gets similar expressions
forj = 1land;j = N. Therefore one gets for 7*

Macromolecules

1

;
a'Co(0) = b'Cx(0) + (4" = B')(1 — Co(0) — C(0)y

[24

(36)

This result is then sensitive only to that part of the rate
constants which depends on E. Furthermore, other
estimates of AG will change the denominator of eq 36
which suggests an even more puzzling dependence of
measured relaxation times on the rate constants.
Clearly then, the observation of a frequency ca. 10°
sec™! in the dielectric relaxation experiments on PBLG
is not inconsistent with the long nmr lifetime behavior.

Several further remarks are in order. Should collec-
tive modes be present and should they be characterized
by a frequency of the order of 10% sec™! to correspond
with the measurements of Schwarz and Seelig?® one
would expect a fundamental wavelength of the order
of two times the chain length (i.e., Ao = 5.25 X 1073 cm).
This suggests a velocity of propagation along the helix
axis of the order of 100 cm/sec, which is much less
than the velocity of sound. Propagation velocities of
this magnitude are on the scale of rotation times, which
is consistent with the interpretation given above.

The following conjecture is made as a concluding
remark. The concept of collective behavior applied
to a polypeptide chain may suggest a similar phenom-
enon in biological polypeptides. Lumry? has noted
that enzymes may act as energy-storage Or energy-
transfer units during catalysis. It is clear that any
collective motion (torsion, rotation, vibration) in an
enzyme will depend on more than chain length alone.
Indeed the selection of amino acid sequence and size
allows a great range of possible collective motion.
It is of interest, therefore, to go beyond the resolution
of static structure and identification of “active sites”
for a template model of enzyme action, and to regard
the enzyme amino acid sequence as the energy surface
which allows the molecule to exhibit specific dynamic
properties.

It is inferred from the present results that polypeptide
chain length alone can change the time-dependent
response of the molecule. A rather elementary kinetic
model for this is still all that has bcen solved, and that
model is capable of only a formal description. Solution
of the analogous model for a nonhomogeneous three-
dimensional polypeptide will unfortunately be still more
formal. Nevertheless, there is a clue here which
suggests a new line of reasoning about enzyme action.
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